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Finite Element Method
2D frame systems
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The correct choice of model for a structure is
very important for quality and exactness of
the results obtained. The choice of frame or
truss (for example, a truss with fixed nodes) is
often subjective and it depends on experience
and intuition of the analyst.

In this chapter, we will present the following
model of a bar structure - a 2D frame which
gives more possibilities.
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The element of a 2D frame is more general than
a truss element presented in Chapter 2
because with help of this element we can also
model ideal truss structures (articulated
connection of elements at nodes). We can
simply say that a frame is a structure whose
bars can be bent while truss elements can be
only compressed and stretched.
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nas the following consequences:
oar (an element) of a frame can be loaded

petween nodes,

modelling of different types of loads is
possible,

connection of an element with a node can be
a fixed or an articulated connection,

node of a 2D frame has 3 degrees of freedom,
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In the case of plane frames, we will neglect
index Z of rotation angles in our notation
because all rotation angles on the plane XY
(which we will use to describe the structure)
are rotations with respect to the Z axis. Let us
assume that a frame element is straight and
homogeneous which means that it is made
from a homogeneous material and has a
constant cross section.
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of the cross section
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The element stiffness gy
matrix for a 2D frame

We group nodal displacements and forces in
column matrices just as we did previously.
They are called vectors:

* displacement and nodal forces vector of the
first node i and the last node j in the local
system

Uy ujx F;'x ij
| | Y ' —
u; =u; u,=u, t', = E‘y fj £
P P M, | M,



The element stiffness gy
matrix for a 2D frame g

uix

uiy

* element displacement vector " 0
in the local coordinate system “'e{u'l}: u.l

J JX

ujy

P

element forces vector in the
local coordinate system r. }




The element stiffness 2. = T
matrix for a 2D frame

We can also describe all the vectors

formulated above in the global system:
uiX qu F;'X FjX
U, =| Uy u; =y | =1 Fy by =] £
| P | P M _ M |
Uy (Fiy
Uiy Fiy
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The element stiffness gy
matrix for a 2D frame

As in the previous chapters, the relationship
between nodal forces and nodal
displacements will be of great importance.
This relation (analogous to a truss) in the local
coordinate system has the form:

Kve uve — fve

and in the global system



The element stiffness gy
matrix for a 2D frame

At the moment, we will concentrate on
searching for the stiffness matrix K’¢ in the
local coordinate system and next its
transformation to the global system.

Equilibrium equations of the element lead to the
following relations between nodal forces:

DF =F +F,=0 — F,=-F,

Ix Jjx

D F, = =0 XM, =M, +M,+F,L=0



The element stiffness gy
matrix for a 2D frame

It has been shown that three equations are
unable to calculate six components of the
vector . The discussion concerning element
strains will provide these missing equations.
The deformation caused by the axial forces F,,
and F, is identical to the deformation of a
truss element, hence we take advantage of
previously determined dependence:

EA EA EA
N:—(u. —u.) F. :—(u. —u.) F. :—(—u. —|—u.)
L Jx ix ix L Jx Jx L ix Jx



The element stiffness gy
matrix for a 2D frame

We will obtain the remaining equations when
we consider the flexural deformation of an
element and the relationship between
shearing forces and bending moments. The
well-known relationship between curvature
and bending moment is: d>y

dx> M(x)

1
P r _3 EJ

I (
+




The element stiffness gy
matrix for a 2D frame

d*y
p - the radius of a curvature, 1o M)
3 EJ,
E - Young’s modulus of a i {H@yﬂz

material,
J, - the moment of inertia of an

element cross section
M<TI ‘ \M—l—dM

dx




The element stiffness gy
matrix for a 2D frame

The equilibrium of one section of a bar in

bending gives the equation: dM (x)
T(x) = 7
X

Since we are dealing with linear structures
with small deflections, we assume dy/dx<< 1,
which simplifies the relationship between
curvature and bending moment to the well-
known form: d’y M(x)

dx* EJ

z




The element stiffness gy
matrix for a 2D frame

L . . d’y  M(x)
The opposite sign of the right side of —>=";

u z
to the one that we have usually assumed,
comes from the sense of the y axis of the local
coordinate system which is orientated

anticlockwise in our assumptions.

Differentiating this equation twice, we obtain
the relationship:
d*y 4y (x)
dx*  EJ

z




The element stiffness gy
matrix for a 2D frame

d'y 4,(%)
dx*  EJ

z

g,(x) denotes the distributed load which is
perpendicular to the axis of an element. Here
the element is free from nodal loads, thus g, =0

Finally, we obtain the set of differential
equations:
d“y:O d’y _ M(x) d’y _T(x)
dx* dx* EJ dx> EJ

yA yA




The element stiffness cea  Toay
matrix for a 2D frame

4

d'y
dx*

After integrating relations =0 we obtain the

following equations:
* bending line of the frame element:

3 2
C, p — + C, x2 +Cyx +C,

. .
bending moment: C, ... C, are integration

M(x) = EJZ[Clx + C2] constants which should

, be determined on the
* shearing force: basis of boundary

I'(x)=EJ.C, conditions.

y(x) =



The element stiffness gy
matrix for a 2D frame

We have four boundary conditions:
 at node j, x=0:

dy
y(0) =u, — = Q.
Y dx 0 (Pl
 atnodej, x=L:
dy
Jy I . O ;




The element stiffness gy
matrix for a 2D frame

After inserti3ng thezse conditions into
y(x)=C

X
L6

following values of the integration constants:

6 u., —Uu
C1=_((P,-+(Pj—2 = y] G =0,

+C, %+C3x+C4, we obtain the

L




The element stiffness gy
matrix for a 2D frame

Hence after putting the above equations into
M(x)= EJ,|Cix+ G| and T(x) = EJ.C, we obtain:

M=t = 22 ae 100 — gl M
L= — - —= 4+ Y A "
EJ. U, — Uy,

LJ, Ujp — Uiy
Fy =T(0)=—75| 69; +6¢,; ~12——

Jy

LJ, Ujy — Uy
F. =—T(L)=7 —6(pl-—6(pj+12 I3



The element stiffness cea  Toay
matrix for a 2D frame

. . . EA
Finally, tabulating equations F; = T(ul-x —ujx) ,
EA . .
F, :T(—uix +ujx) and from the previous slide
in a suitable sequence we obtain the stiffness
matrix: B E4 ]
L L
EJ EJ, EJ,  EJ,
12—~ 6— —12 3 6 3
L L L
Be |2 B L
K'¢_ I L I L
£4 £4
L L
—122 —6E—{Z IZE —62
. L r L
EJ EJ, EJ, EJ
i 6[,— ZT _6L2 4T 1




The element stiffness cea  Toay
matrix for a 2D frame

The relationships described by equations

EJ, Up ~Uy
M; ==M(0) === 4, +2¢, —6———

EJZ_ ujy_uiy—
M, ZM(L)ZT 2(pi+4(pj—6T

EJ, Up — Uy
E.y = T(O)=7 6¢; +6(pj —12T

EJ, Up —Uy
ij =-T(L) :7 — 60, —6(pj +12T

are called transformation formulae of the
displacement method in structural mechanics
(in some other form).




The stiffness matrix in the ng
local coordinate system

The transfer of the matrix to the global
coordinate system is done according to rules
analogous to the rules described for 2D truss
element. In order to obtain the transformation
matrix of an element, we need R that is, the
transformation matrix from the local system
to the global one for the node i.



The stiffness matrix in the ng
local coordinate system

Since the third degree of freedom is a rotation
with respect to the z axis which does not
change its location because it is always

perpendicular to the plane xy, the rotation will
be the same as for a truss element:

Uy = U, COSOL—U,, SINOL u. =RU
iz =P =@, y | =] € Of Uy
R4l _O 0 1l o




The stiffness matrix in the 2. T
local coordinate system

In accordance that the frame element is straight,
the transformation matrix of the nodej is
identical to R; which leads to the final form of
the element stiffness matrix:

c —-s 0 0 O O After multiplying matrices
s ¢ 0 0 0 O K¢ =R°‘K" (Re)T we obtain
0O 0 1.0 0 0 the stiffness ma.trix of a
R° = frame element in the

0O 0 0 ¢ -5 O .

global coordinate system.
00 0 s ¢ 0 Unfortunately, its form is

o 0 0 0 0 1 rather complex.
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. , (72 ) E[ 1 12] '6.5' 1 E'2 ) E[i 12] -65 Fix
E 22 +12s JACY —E 22 +125s JACY

sc 1 1( s? 6¢ sc[l j 1( 52 6c |Fy
= —,,—12] —| 2120 o m12] A e :
L[}: L[}-f 1 ] L\ 7l5z 12

EJ_|-6s 6¢ 4L -6s -6¢ 2L |M;

1( 2 sc 1 ] 65 1( 2 sc( 1 ] 6s |Fix
— - — — 2 —|—-12
[;2+123] L[ ; — 12 L(A2+125 JACE
scf 1 j 1 32 -6¢ SC[ 1 ] 1[32 ] -6¢ F_Jn
——|=-12] ——=| = —|—=-12 —| =
L[ 3 (}3 +12¢ ] 7 \2 2 +12¢
-6 6c 2L 6s -6¢ AL |M;
/12 ‘]z .
C=COS & S=SIN«

T AL



Static reduction of the gy
stiffness matrix

Frame elements are not always joined at a node
ensuring the agreement of all displacements
of nodes and in the bar section at this node.
Articulated joints shown in next figure are
examples of such incomplete connections.

At this joint, the angle of the nodal rotation does
not influence the rotation of the element
section of a node. The latter e, can rotate
independently of the node.



Static reduction of the gy
stiffness matrix

The element joint scheme with one element
able to rotate (an articulated joint).



Static reduction of the gy
stiffness matrix

We determine the unknown angle of the
rotation of such an element using an
additional equation which is given by the
equilibrium condition of moments in a joint.
Hence we can reduce the number of degrees
of freedom of the element because the
additional equilibrium condition allows us to
eliminate one displacement from the set of
equations.




Static reduction of the gy
stiffness matrix

Example 1 - articulated connection.

Jo——L_
0, D

Additional equilibrium condition of a section at

the node i : M; = 0 leads, after considering

ij e e e
| p | s Kue=t

| L

—

equations

M |

=
p—r

o« . EJZ uiy ujy
to conditions: — |6 +40,-6—~+2¢, |=0




Static reduction of the gy
stiffness matrix

EJ | U

L L

i U,
216 y+4(pi—6%+2(pj =()

we calculate the required value of the rotation
angle of the section at the node i:

3 uiy 3 ujy 1

> L 2L 2%

P, =



Static reduction of the 2., = e
stiffness matrix

After putting this result into K“uw“=f" and
taking into consideration matrix K’¢ we obtain:

EJ U; 3u, 3uU;, 1 U; EJ U; U;
F =—2|122+6| - —2+—-L -9 |-12- 2 +6¢, |=—~|3—2-3-2+30p, |
N { L ( 2L 2L 2(plj L 4 E { L L 4

EJ U 3u, 3u, 1 U, EJ,[ Uy .U
F,o=—2 122 g - X 2V =g 112V _6p |=—z| -3 X3 _3p
T { L ( 2L 2L 2¢’J L 4 2 { L L (’)J}




Static reduction of the
stiffness matrix
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The new stiffness matrix of an element with the
joint at the node i:

Superscripts (3,i)
indicate that the third
degree of freedom is
eliminated at the first
node.

K|E(3;I-:| —

EA EA
— 0 —— 0 0
L L
EJ EJ EJ
0 3— 0 -3—- 3—
L L L°
EA EA
—— 0 — 0 0
L L
EJ EJ EJ
0 - 3 32’ 0 3 32’ - 3 ,}Z
L L L-
EJ EJ EJ
0 3 ,}Z 0 - 3 ,}Z 3 Z
L L L




Static reduction of the gy
stiffness matrix

Example 2 - moveable connection.

I e E——
© @

Additional equilibrium condition of a section at
the node j: F;, = 0 leads to condition:

Fix =0
it does not change the relations for the
remaining nodal forces.




Static reduction of the 2., = e
stiffness matrix

The stiffness matrix of such an element takes
the following form:

EJ, | EJ, EJ, EJ,
].2 3 6 ) _]-2 3 6 2
I? JAR
6E{Z LB _6E{Z L EJ
I? L I* L
: 2 KU
Superscripts (1,))
indicate that the first
degree of freedom is ISPt _6‘?2 125 _6’%
ey I ? L .
eliminated at the last
node. ¢Zle B _eEe 4B
I? L I* L



Static reduction of the gy
stiffness matrix

The above process is called the static reduction
of a stiffness matrix. Now we will give the
matrix notation of an operation leading to a
reduced stiffness matrix. For the sake of
simplicity, we assume that the last degree of
freedom of an element is the eliminated
degree of freedom.



Static reduction of the gy
stiffness matrix

Nodal forces, nodal displacements vectors and
the stiffness matrix are divided into blocks:

f, |- K, K, u,

f, Ko, Ky || u,

where according to the symmetry of the matrix

we have:
T T
K11 :Kn K01 :KIO



Static reduction of the gy
stiffness matrix

K, is the matrix 1x1 and thus it is a scalar, the
blocks and are also scalars. The results of the
multiplication of previous matrix blocks are:

f =Kuu + Ky Ty =0=Kpu, + Ky,
From f, equation we calculate: u, = Ky K u,
and after inserting into f, equation we obtain:

f, =K, u, —K,;KyKgu, or f, =K'"u,

K’ - the condensed element stiffness matrix.



Static reduction of the gy
stiffness matrix

Vector of an element load still remains to be
determined. We obtain it by composing both
the load vector of an element with rigid
connections with nodes and the vector of the

load caused by displacements of nodes free
from constraints:

t f’ f'
f:fo_fu:|:1:|: 1 . 1
f0




Static reduction of the gy
stiffness matrix

Since f,=f; —f; =0 then:

u o 0, 0
o =1y =Kyu; +Kyu,

and hence
Uy :( 80)_1f(§)

because other displacements contained in U,
are equal to zero.



Static reduction of the gy
stiffness matrix

Finally, we obtain
0 0 0 -1 0
f, =1, - 10( oo) f,

In this way, we can eliminate any degree of
freedom but it requires some more complex
transformations. We leave this problem to be
solved by the reader.



Boundary conditions of gy
plane frame structures

Supports for plane frames include articulated
and fixed supports all listed in presentation 2.
The latter ones prevent the rotation of a
support node. Symbolic notation of these
supports and the boundary conditions
describing them are shown in next slides.

For non-typical supports, we propose to
consider the use of suitable boundary
elements instead of these supports.



Boundary conditions of
plane frame structures

a) rigid support
Y A

\r
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Boundary conditions of gy
plane frame structures

b) rigid-movable support (a displacement in the direction of the global X axis)
Y A

)
/77777
Nt



Boundary conditions of gy
plane frame structures

c¢) rigid movable support (a displacement in the direction of the global Y axis)
Y A

R ¢.=0
> § SR

N



Boundary conditions of gy
plane frame structures

Considering boundary conditions requires the
modification of a global stiffness matrix of a
structure and it is done identically as for a
plane truss, thus, we will not describe the way
of modifying this matrix here. A whole range
of other supports such as moveable skew
supports and elastic supports considered
analogously to supports of trusses described
for plane truss is also possible.



Boundary elements of 2D @gy
frames

Introducing a boundary element is a convenient
way to avoid problems connected with the
consideration of different, non-typical
boundary conditions. It allows, in fact, us to
model fixed and fixed-movable supports with
approximate exactness and to substitute
elastic supports.




Boundary elements of 2D @gy
frames

Now we will present a single elastic support
inclined at some angle. The scheme of this
element and notations used are shown here:




Boundary elements of 2D @gy
frames

Stiffness of springs: h,, and h, are forces which
should be applied to their ends in order to
induce unitary extensions. Rotation stiffness
of a support g, is a moment necessary to

induce the rotation of the node r equal to one
radian.



Boundary elements of 2D @gy
frames

The stiffness matrix of such an element in the
local coordinate system has the form:

b0 0

rx

K=l 0 h. 0




Boundary elements of 2D @gy
frames

Its transformation to the global system is done
analogously to the case of normal frame or
truss elements except that it concerns one
node only K¢=R°k*(R°). The rotation matrix is

4
given by Z Y qu). Hence we can write the
X z

equation transforming the matrix to the
global system:

K’'=R, K"R/



Boundary elements of 2D 2c: Ry
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After taking into con5|derat|on y qgix) and
h. 0 0]
b _
Y Y \we obtain:
0 0 g, |

c*h. + Szh,y Sc(h,,x - h,y) 0
K’ = Sc(h,,x — h,y) c’h,, +S2h,y 0
0 0 g,

S=SINa C=CO0Sc«



Boundary elements of 2D @gy
frames

If we model flexible supports we ought to
assume high stiffness of a suitable spring. In
most cases, stiffness of the order of 1-1030
assures similarity between results obtained
with this method and the results obtained

with the exact method.



Internal forces due to a gy
static load

The variety of loads which can act on a frame
structure is greater than it was in the case of a
truss. Frame elements can be affected by
concentrated (forces, moments), distributed
(pressure, moment loads) and temperature
loads. The formulation of equilibrium
equations requires substitution of internode
loads for an equivalent set of concentrated
forces and moments acting on nodes.



Internal forces due to a gy
static load

3 2

. X X .
Equation y(x) =G+ G, — +Cx+ G, define

displacements of an element bending in the
direction of the y axis of the global system.
After adding the equations describing the
displacements in an axial direction, we obtain
relations defining the - .
displacements vector for

any point between nodes u(x) =|u,(x) |=Nu




Internal forces due to a gy
static load

u (x) N - the rectangular matrix of
u,(x) |=Nu* shape functions. It contains
o(x) | two blocks:

N.(x) - matrix of the shape
functions for the first node,

N/(x) - matrix of the shape
functions for the last node.

N(x) = [Ny(x) N(x)]



Internal forces due to a gy
static load

We can obtain both matrices from equations

3 2

) =G o+ G v, And AL =uy,
w, (&) 0 0 w,(&) 0 0
Ni(X): 0 0)3(95) La)5(§) Nj(x) 0 a)4(§) La)ﬁ(f)
0 Ta@) o 0 0@ o)




Internal forces due to a gy
static load

W@ o 0 w© o0 o
Ni(X): 0 0)3(’5) La),s(g) Nj(X): 0 0)4(?) La)’6(§)
ERGRAG) 0 10/ @)

The convenient non-dimensional coordinate

&=x/L isintroduced here. Non-dimensional
displacement functions o,(¢)(i = 1,2 ... 6)) and
their derivatives o (¢) , @ (£) are surveyed on
the following slides.




Internal forces due to a gy
static load

0 02 04 06 08 1
Shape function of frame element with parallel
displacement in node 1.



Internal forces due to a gy
static load

0 02 04 06 08 1
Shape function of frame element with parallel
displacement in node j.



Internal forces due to a gy
static load

wy=1-38+26
1.

®3(&) 051

0 02 04 06 08 1
Shape function of frame element with
perpendicular displacement in node i.



Internal forces due to a gy
static load

w, = &%(3 - 2§)
1..

04(8) 0.57

! ! ! ! 1
0 02 04 06 08 1
Shape function of frame element with
perpendicular displacement in node j.



Internal forces due to a gy
static load

ws = §(1 - 2 + &)
0.27

o5(&) 0.11

0 02 04 06 08 1
Shape function of frame element with rotation
in node |.



Internal forces due to a gy
static load

w6=_£2(1_§)

06(8) _0.17

-0.2-

Shape function of frame element with rotation
in node J.



Internal forces due to a gy
static load

0 02 04 06 08 N
o' 1(8) —0.571

-1

The rotation function of frame element with
parallel displacement in node .



Internal forces due to a gy
static load

w,=1
1
o 2(&) 0.51

! ! ! ! 1
0 02 04 06 08 1
The rotation function of frame element with
parallel displacement in node j.



Internal forces due to a gy
static load

w5 =-6¢(1-¢)
02 04 06 08/1
® 3(&)_ 1
ol

The rotation function of frame element with
perpendicular displacement in node i.



Internal forces due to a gy
static load

W', = 6§(1-§)
2_.

® 4(&) 11

0 02 04 06 08 1
The rotation function of frame element with
perpendicular displacement in node j.



Internal forces due to a gy
static load

w=1-4&+ 3§

0 02 04

The rotation function of frame element with
rotation in node |.



Internal forces due to a gy
static load

W = - §(2 - 36)
1-.

® (&)

06 08 1

_ 14

The rotation function of frame element with
rotation in node j.



Internal forces due to a gy
static load

®' 1(8)  f——

0 02 04 06 08 1
_ 14

The bending moment function of frame element
with parallel displacement in node .



Internal forces due to a gy
static load

®' 9(f)  fr——t——

0 02 04 06 08 1
_ 14

The bending moment function of frame element
with parallel displacement in node .



Internal forces due to a gy
static load

w’;=-6+12¢

The bending moment function of frame element
with perpendicular displacement in node .



Internal forces due to a gy
static load

w’,=6-12¢

0 02 04 O

The bending moment function of frame element
with perpendicular displacement in node |.



Internal forces due to a gy
static load

77

The bending moment function of frame element
with rotation in node i.



Internal forces due to a gy
static load

W’ =-2+6¢
4_-

o' g(&) 11

, %5 04 06 08 1

The bending moment function of frame element
with rotation in node .



Internal forces due to a gy
static load

Let us consider now the bar (an element) of a
plane frame loaded with static loads




Internal forces due to a gy
static load

We will find nodal forces f° by making use of
conditions of element equilibrium. We will use
the principle of virtual work here:

L,

(f'e) - the work of nodal forces,
L. = {[g,(x) u,(x) + g, (), (x) + m, (x) olx) v
0

- the work of external forces (static loads).



Internal forces due to a gy
static load

Concentrated forces and moments can also be
analysed by describing them in the following
way:

g(x) =o(x—Xx,)P
M, =0(X—X,)M,

where 6(x_) is Dirac’s delta.



Internal forces due to a gy
static load

The Dirac’s delta 6(x,) is defined as:
o(x—x,) =0, while x<x,;
O(X—x,) >0, While x=x,;

S(x—x)=0, whilex>x,



Internal forces due to a gy
static load

The element equilibrium is maintain when
L +L, =0, which means:

(Fe ) ue = —JL' [q(x)]" u(x)dx

where q(x) is the vector of external loads:

d, (x)
a(x)=| q,(x)
‘m,(x)




Internal forces due to a gy
static load

Putting the expression describing the element
displacements vector

(%)

(
u(x)=|u,(x) |=Nu® into (f*)us =—j[q(x)]Tu(x)dx
()

u
u

we obtain relations:

L L
(f’e)Tue :—quNuedx (f'e)T :—Iqux
0 0



Internal forces due to a gy
static load

These relations enables us to replace loads
acting on elements by loads acting on nodes.
It should be noted here that there are forces
acting on the nodes in the equilibrium
equations and that these forces act against
those acting on the element thus, they should
be subtracted from the nodal forces vector of

the structure.



Internal forces due to a gy
static load

We check the effectiveness of equation
L
(f<)' =—[Ngax for three simple examples when:

0
* the load with a concentrated force is applied
to the centre of an element,

* the load with a concentrated moment,

e the distributed load which is constant for the
whole element.



Internal forces due to a gy
static load

Example No 1.
Y

P
: L@ l Ny
ix jx

A / X
Mf\AF F M,

iy Jy

le L/2 + L2
T x,ézx/L

The frame element loaded with a concentrated
force.




Internal forces due to a gy
static load

We introduce a non-dimensional coordinate to
make the calculations more convenient and
write the concentrated force as follows:

0

q(g) =| P3(g - 0.5)
0

L
and after putting it into Eqn. (f'e)T =—qua’x we
obtain: ’



Internal forces due to a gy
static load

0
: . S5(£-05)m,(¢)

e :_LZWEEJH ~P&(£-05)|de= P:[ Lol =0.5)o(¢) dé =

- - 5(&-05)w,(&)
i S L5(£-0.5)a, (&)

0 0 ) )

ws(?-5)) 0.5 which means that

Lw-(0.5 L/8

=p| =P _1 _1

) 0 F=0  Fy=2P M=_PL
0.5 |

La"‘( ) 0-5 F, =0 ijzlp Mj:—EPL

Lws(05)] |-L/8 2 8




Internal forces due to a gy
static load

Examyple No 2.

0,

F ix
—»

L/2 + L/2

X, é=x/L

The frame element loaded with a concentrated
moment.



Internal forces due to a gy
static load

We write the concentrated moment applied to
the centre of an element by using Dirac’s
delta:

0

q&) = v 0
-—+8(¢-05)

L
and after putting it into Eqn. () =—[Nqdr we
obtain: ’



Internal forces due to a gy
static load

_ | 0 _ _Oi

T oo - o, (;)5(5—0.5)/L 21L
R 5 e S
T ele-05) 0 w, (£)5(E-05)/L 2—3L

o, (£)5(6-05) -

which means that F —0 Fiy=—2—3L'V'o M =— 1M

A
3 1
Fp=0 Fj=2-M, ==



Internal forces due to a gy
static load

Example No 3.
Y

q,
. al 0,
LX JX

o
Mt\\ F, i
L
X, é:x/L

The frame element loaded with a uniformly
distributed load.



Internal forces due to a gy
static load

The continuous load uniformly distributed on
the whole length of an element gives a load
vector:

q(&)=q,| -1

L
and after putting it into Eqn. () =—[Nqdr we
obtain: ’



Internal forces due to a gy
static load

0 0]
®5(&) 1/2
L Lo (& L/12
£=q,L| 3( )d&=qoL )
0
0,(&) 1/2
Lovg(8) | —L/12
whichmeansthat g _o g _1q| m-lqL
IX Iy 2 0 I 12 0

B 1 1
ij =0 ij :Eq"L |\/|j :_Eq"L



Forces caused by a gy
temperature load

The action of a temperature on frame elements
can cause flexion. This happens when the
temperature field is not homogeneous in the
cross section. In the case of a truss, the flexion
of bars did not cause increasing nodal forces
because truss elements are connected by
means of jointed nodes.



Forces caused by a gy
temperature load

Bars of frame structures can make a node
rotate, hence we have to determine forces at
the node in the element undergoing the
action of the non-uniform temperature field.

Let us consider an element of which the upper
fibres are affected by an increase in a
temperature At , and the lower fibres are
affected by an increase in a temperature At,,.



Forces caused by a gy
temperature load

y4 y4

I L 5
: Ve
h At | f 42 y h

Dl

The temperature distribution in the element
cross section.

' Jlower fibres




Forces caused by a gy
temperature load

The temperature field can be written as follows:

At(x,y) = Ato(x) + %Ath(x)

1
At, = P [Atd Y, T ALY, ] - the increase in the
temperature of the middle fibres,

At, = At, — At - the difference of temperatures
between extreme fibres,

h - is the height of the cross section,



Forces caused by a gy
temperature load

At(x,y) = AtO(x) + %Ath(x)

y, - the distance between the centre of gravity
and the lower fibres,

y, - is the distance between the centre of
gravity and the upper fibres.



Forces caused by a gy
temperature load

Strains of the element fibres induced by the
temperature field are equal to

o) = o, (3) = o, &, + 8,

where a, is the expansion coefficient of the
material.



Forces caused by a gy
temperature load

If bars cannot deform freely, then stresses rise
inside them:

o, =—Fg, = —octE(AtO + AL, %j

which the internal forces result from:

N=|oc.dd-= —octE(AtojdA + %jydA)
A A

A



Forces caused by a gy
temperature load

Since the second integral occurring in previous
equation is the static moment with regard to
the z axis which crosses the centre of gravity,
this moment has to be equal to zero. Thus, we

obtain
N,(x) =—a,At, (x)EA

like in the case of a truss element.



Forces caused by a gy
temperature load

The second internal force caused by
temperature stresses is the bending moment:

I o x)ydA = o, Ll A to(x)_[ydA+%jy2dA

The first integral has to be equal to zero similarly

to N=[o,dd=-0,E Azojdm%jydAJ and the second one
A A A

is the moment of inertia of the cross section
calculated with regard to the middle axis.



Forces caused by a gy
temperature load

Thus, we can write an equation describing the
bending moment due to temperature stresses

dS
o, At
M, (x) =~ hh(x) EJ.

where J,=[Y?dA jsthe moment of inertia of
A

the element section with regard to the z axis
crossing the centre of gravity of the section.



Forces caused by a gy
temperature load

We calculate forces at nodes making use of the
principle of virtual work just as we did before
in this presentation:

(ue)Tf'et = J[a(x)]Tttdx

where _Nt(x)_




Forces caused by a gy
temperature load

t. is the vector of the internal
forces induced by a temperature.
The zero value of the expression

in the second row of the vector du, |
comes from the fact that the dx
temperature does not cause  ¢(x) = duy | _ Bu®
shearing forces in the elements, 32,/)

g(x) is the vector of X

displacements gradients:



Forces caused by a gy
temperature load

e(X) =Bu”
B is the matrix of derivatives of shape functions:
B=|B, B,|
On the basis of
(&) 0 0 w,(&) 0 0
Ni(x)=| 0 1%(5) La(&)] Nj(x)=| O 1@(@) Loy (£)
I 0 Ews (5) s (5)_ I 0 Ea)4 (5) W (‘f)_
we calculate:




Forces caused by a
temperature load

1

zml'(a) | 0 0
=0 JoE) o
] ]
0 ?(”3”(&*‘) o."(¢)
_lmz'(a) 0 0
1
= 0 _604'(&) (”6'(‘3)

i ANY
eea norway
grants  grants

/ 44

(&), o (&), o )
(i=1,2...6)) are
nondimensional
functions given
before in this
presentation.



Forces caused by a gy
temperature load

On the basis of (“e)Tf'”=£[8(x)]Tttdx we calculate

components of the nodal forces vector:

L
£ = IBT t dx

After inserting matrlces B/(x) and B(x) into
equation < = jB t,dx, We obtain



Forces caused by a gy
temperature load

o,k

&1
5

| w\h s\&

3

04" (8)At, (&)dE

S |
- Afo,'(g)At,(8)de
3
¢,
ézjah A@
3
¢,
%;Iag A@
3
£
AI@Q
a
04" (&)A,(&)dE

where &, and &, are non-
dimensional coordinates
at both the beginning

and end of the action
interval of the

temperature load
(following figure).



Forces caused by a gy
temperature load

o,
[
v;i?

& =x,/L E =x,/L

The temperature loaded frame element.



Forces caused by a gy
temperature load

In the case when the temperature load is
constant and occurs along the whole length of
the element, we obtain the following equation
from equations of N/(x) and N(x):

AN,

0
J_At,

et __ h
=0k _ ga,

0
J.At,

h




Forces caused by a gy
temperature load

a)l(é:) 0 0 602(5) 0 0
Ni(x): 0 a)3(’§) La),5(§) and Nj(X): 0 0)4(5) La)G(é:)
0 L0/ o) 0 100 0@

These equations describe internal forces acting
on the element. Forming the load vector we
should subtract components of the vector from
suitable components of the global vector.



