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FINITE ELEMENT METHOD
Statics of plates
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Plates are one of the most commonly used

e

d
T

ements in structures. They can be found in
most every building or mechanical structure.

ne geometric shape of a plate can be defined

similarly to a 2D element, but they differ in
the way of loading. Plates are loaded with
normal loads to their surfaces which cause
bending. Bending is not present in the case of
the deformation of the 2D element
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Analytical methods of determining both
deflections and internal forces were described
by Euler, Bernoulli, Germain, Lagrange,
Poisson and especially by Navier in papers
which appeared at the end of the 18th
century described by Rao (1982)
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Many important statics and dynamics problems
of plates were solved by analytical methods
(mainly by the method of the Fourier series),
but they are inaccurate both in the case of
problems with complex boundary conditions
and complicated shapes of plates. However,
the finite element method has proved to be
universal and although it gives approximate
solutions, they are precise enough for
practical applications
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We assume that these plates the assumptions of
the classic theory of thin plates

a) thickness of a plate is small in comparison
with its other dimensions;

b) deflections of plates are small in comparison
with its thickness;

c) middle plane does not undergo lengthening
(or shortening);
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d) points lying on the lines which are
perpendicular to the middle plane before its
deformation lie on these lines after the
deformation;

e) components of stress which are
perpendicular to the plane of the plate can be
neglected
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From point d) of the above assumptions it
follows that the displacement of points lying
within the plate varies linearly with its
thickness
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Thus stains are expressed by the relations
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The strain vector can be presented in the form
g=—20W(X,Y)

where vector 0 is the vector of differential
operators
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Let us assume that there is a plane stress
condition in the plate, so the stress vector can
be determined as follows

c=De=—zDow(x,Y)

where D is the matrix of material constants
determined for plane stress
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Now we introduce in the expression of internal
forces (moments and shearing forces)

h/2 hi2 hi/2

= _}_!‘/szdz M, = _;'!/SyZdZ M,, = _}!/;Wzdz
hi2 h/2
0, = J"C dz 0, = jr dz

—h/2 —h/2



equations of the classic Quea iy
theory of plates

A7

middle plane

stresses

z Ox Txy



equations of the classic Quea iy
theory of plates

internal forces M,,
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The equilibrium of an infinitesimal plate
element leads to the set of equations
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After integration we obtain
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where D denotes the plate stiffness defined by
the equation ER®
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we also obtain relations for the shearing forces




equations of the classic = 2... T
grants grants
theory of plates

after Inserting equation describing shearing
forces we obtain
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It is a biharmonic partial differential equation
which should be satisfied by the function of
deflection w(X,y) within the plate. The
following boundary conditions should be
realised at the edges of the plate
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a) w=0, ? =0 —on the fixed edge
n

2

b) w=0, g W _ 0 —on the free supported edge

n2

c) M. =0, V, =0 —on the free edge
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In the above equations n defines the direction of
the line which is perpendicular to the edge
and V_ is the reduced force. Sita ta fgczy
wptyw momentu skrecajgcego M, . oraz sity
poprzecznej Q, na brzegu swobodnym
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The modification of the boundary conditions is
necessary here because the fourth order
cannot be solved for three boundary
conditions coming from the requirement of
zero stress on the free edge:

M. =0,M =0, Q, =0.
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Now we show the way of building the stiffness
matrix of a triangular element of a thin plate

a) nodal displacements b) nodal forces
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We also introduce a few convenient notations

w(X,y) - stands for the function of displacement
of the middle plane of an element;

O, = % - rotation angle of the element about the
X axis;

AN :
Py == rotation angle of the element about

the y axis.
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As seen, the node of a plate element has three
degrees of freedom. Hence nodal
displacement vectors of the element in the
local system can be written as follows
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and an element displacement vector u” =
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Directions of both nodal displacements and
forces are the same, so the nodal forces

vectors have a similar notation
Q| Q, | Q|
fi,: Mix fj, = ij fé = ka
_Miy_ _ij_ _Mky_
. o
Hence we write the nodal force fre _ f'_,

vector of the element as follows f,
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We approximate the surface of the deformed
element by the polynomial of the third order
proposed by J.LTocher in 1962

W(X, Y) =8, +8,X+8,y +a,X* +a:Xy +a:y’ +a,X° +8, (XY +xy’ ) +ay° = n'a
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We determine the coefficients a, ... a4 of the
function w(X,y) from the boundary conditions
at the nodes |, |, K

w(x;,y;)=w;,  @X.Y) =9, 2, (X, Y:) =@,
W(xjayj)zwj P (X, Y) =@, ¢y (X, Y)) =@y

W(Xy, Vi) = Wy @, (X, Yi) = Oy @y (X2 Yi) = Py
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After calculating the rotation angles, we obtain

®, = awg; Y) _ a, +aX+2ay +a, (x* +2xy) +3a,y°
0, =— WX, Y) _ —[az +2a,X+a.y +3a,X° +a,(2xy + yz)}
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Now we insert equation into boundary
conditions obtaining
Ma=u"
where M is the square matrix dependent on
nodal coordinates of the element
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We can present the solution of equation Ma=u"
as follows a=M"u"

where M1 is the inverse matrix of M. The
solution of M1 is possible when which is not
always the case in our problem because

detM = x;yi(Zxk + —xj)
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It means that in cases when the node Kk of the
element is on the line described by equation,
then the matrix M is singular. Thus, the
problem is solved by changing the local
coordinate system

Now we calculate a strain vector

g=-z0W(X,y)=—20n'M v =-zB"M u"”
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Hence we can make use of the definition of the
stiffness matrix
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After denoting the integration in the above
equation by and applying the definition of
plate stiffness we have

K *=D(M?) K'M™*
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After calculating the matrix multiplication inside
the integration, we have

K* :_[SdA
A
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where
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* While calculating the integration of functions,
the following relations are helpful

{dAz%xij /J;dizéxjyk(Xﬁxk)
jydA:%xjyf szdAzéxjyk(xf+xjxk+xk2)
A A
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The rotation matrix of an element R°®is equal to

R = R

where R;, R;, Ry are the transformation matrices
of nodes. If we use the same coordinate
systems for all nodes, then we can use only
one transformation matrix: R; = R;, R, = R;,
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1 0 O
R, =0 ¢ -5
0 s c |

where, and a is the angle between the X axis of
the global system and the X axis of the local
system. Value 1 in the first row of the matrix
R is the consequence of a fact that axes Z and
z are parallel
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The plate arrangement in the global coordinate

system o
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The triangular element for which the matrix
stiffness has been obtained has a convenient
feature. Namely, it allows us to discrete plates
of any shape without any difficulty. This
element joined with a 2D triangular element
can be used as a shell element
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As it has been noted at the previous point, an
element containing 2D triangular and plate
elements can be used as a shell element.
Approximating a curved surface (which is the
middle surface of a shell) with the help of
plate elements reminds the simplification we

apply to approach the arc with the help of a
broken line.
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We intuitively feel that the smaller the curve line
segments are, the better they replace the
curve axis of the arc
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Similarly the smaller the plane shell element
dimensions and the smaller 3 angles of
neighbouring elements are, the better this
element describes displacements and internal

forces in the structure
¥




A triangular element of a gy
thin shell

The exemplary shell division into finite elements
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Connecting displacement and internal force
vectors of the triangular elements described
previously, we obtain shell element nodes

possessing five degrees of freedom
h E -
uiy iy
u; = U;, fi’: F,
Dy M,
_(I)iy_ _Miy_
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The shell element composition of a 2D and plate

elements
Z,

M.
supplementary M/f
element angle and moment | element
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Simplifying the description of a node movement
by disregarding the rotation around the axis
perpendicular to the element leads to the
singularity of the shell stiffness matrix
modelled by the elements mentioned before
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This difficulty is solved by assuming three
components of the rotation and moment
vectors which requires the evaluation of the
plate element torsional stiffness.
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Since the torsional stiffness is not important in
shell statics and dynamics problems, the
fictitious value of this stiffness is often
assumed



A triangular element of a @gy
thin shell

Hence the dependence between the torsional
moments and angles can be presented as a
variable independent of other nodal forces
and displacements of an element
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In the above relationship suggested by
Zienkiewicz (1972), E is Young’s modulus, h is
the element thickness, A is the area of a cross
section and a denotes an indemensional
coefficient which is so small that it does not
have any significant influence on the solution
of a set of equations
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we obtain the stiffness matrix of the triangular
shell element nodes having six degrees of
freedom

.I:fe — Kle ule
| K; Ki; K [[ul”
fi =K Ky K|y
Tl | Ke Ky K |LUui
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where f'; and U’; denote full vectors of nodal
forces and displacements

uix_ |:ix
uiy |:iy
| Uiz - F,
Hi = 0., = M.,
by Miy

9y, | M,
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Every block of the stiffness matrix consists of 2D

element’, ‘plate’ and ‘torsional’ parts
I Fix 11 0 0O O 0 1 ij-
Fiy 'K, [0 0 010 Ujy
Fi. || O 0 Ujz
Mix 0 0 'K, Pix
Miy 0 O Piy
M, 0o olo o a, || o
ds ds
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Transformation of this matrix to the global
coordinate system can be done in the way
described in Chapter 5 in which we present
the transformation of the stifness matrix of a
3D frame element with nodes having six
degrees of freedom just as the nodes of a shell
element
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The method of obtaining the components of the
rotate matrix is suitable for the triangular shell
element whose I and | nodes determine the
direction of the local X axis and the third k
node can be a directional point
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The shell element described above is the
simplest element which enables us to solve
any shell statics problem. There certainly are
more complex elements, both plane and
space elements with at least four nodes
described in books devoted to this subject
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We must remember about the possibility of
significant simplification of a shell element
description in case of axisymmetric structures.
It is also possible to use cone or curvelinear
elements with nodes having three degrees of
freedom (Rakowski and Kacprzyk (1993),
Zienkiewicz (1972, 1994))



